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ABSTRACT

The paper extends the theory of coherent education [1] in three directions. First, a
nonlinear cognitive flow balance equation is introduced, augmenting the classical flow
model [18] with a coherence multiplier I'(B, S) = 4B(1 — B)S, normalised so that at
optimal coherence B = 1/2 and full synchronisation S = 1 the equation reduces to
standard form, while at absorbing states (B = 0 or B = 1) the flow vanishes. Second, a
hierarchical coherence model for educational systems is developed, linking individual,
group, and institutional levels through the cascade metric Sc;s = 1 — Hﬁzl(l — Sk)-
Third, the 3/2 power law connecting coherence to cognitive flow intensity is justified
by analogy with the Child-Langmuir law [15, 16] in vacuum electronics, and shown
to determine threshold conditions for the transition from individual to collective
learning. All formulas are verified analytically and numerically; constants ¢ and 7
are computed to 50 significant digits.

Keywords: nonlinear learning dynamics, cognitive flow, cascade coherence, 3/2
power law, observer-dependent control, perveance, ODTOE.

AHHOTALIUA

CraTbs pa3BMBaeT TEOPHIO KOTepeHTHOT0 06pa3oBaHus [1] B TpEX HaATIpaBIeHUSIX.
Bo-mepBbIX, BBeIEHO HeJMHEHOe ypaBHeHMe OajaHca KOTHUTMBHBIX ITOTOKOB,
pacmypsmolee KJIaCCUMUYECKyl0 MoJeslb TIIOTOKOB [18] 3a (CYéT MHOXUTeNId
KorepeHTHOCTHU I'(B, S) = 4B(1 — B).S, HODMMPOBAHHOTO TaK, 4YTO IIPY ONTUMAaJIbHO
KOT€PEeHTHOCTU B = 1/2 ¥ NMOTHOM CMHXpOHM3auum S = 1 ypaBHEHME peayLupyeTcs
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K CTaHIapTHOI dopMe, a IpU IOIMOMIAIUINX COCTOSHUSIX (B = 0 umun B = 1)
MOTOK obOpamiaeTcsi B Hy/JIb. BO-BTOpBIX, paspaboTaHa mepapxmuyeckass MO/IeJb
KOTepEeHTHOCTM 00pa30BaTeIbHBIX CUCTEM, CBSI3bIBAIOIIAS MHIMBUIYAIbHbIN,
TPYIIIOBO UM  MHCTUTYLMOHAJbHBIA YPOBHM UYepe3 KACKaAHYK) METPUKY
Seas = 1 — [[r_,(1 — Si). B-TpeTbux, 060CHOBaH CTEMEHHO/ 3aKOH 3 /2, CBA3bIBAIOLIMIA
KOT€PEHTHOCTb C MHTEHCUBHOCTbI) KOTHUTUBHOIO MOTOKA MO aHAJIOTUM C 3aKOHOM
Yaiinga—-Jlenrmiopa [15, 16] B BaKyyMHOJ 371eKTPOHMKE, ¥ TTIOKa3aHO, YTO 3TOT 3aKOH
orpejiensieT MIOPOTOBbIe YCIOBUS MepexoAa OT MHIAMBUAYATbHOTO K KOJJIEKTUBHOMY
peskumy ob6yueHusi. Bce ¢opmysabl BepudULIMPOBaHbl aHATUTUYECKM U YMCIEHHO;
KOHCTAHTBI (¢ U 7 BBIUMCJIEHBI C TOYHOCTHIO 10 50 3Havanmx uudp.

KioueBbie cjioBa: HeJIMHEHas OMHAMMKA OOY4YeHMS], KOTHUTUBHBIA TIOTOK,
KackaJHasi KOTepeHTHOCTb, CTEeNeHHO} 3akoH 3/2, Hab/maTe b-3aBUCUMOe
yripasJyieHue, rnepseanc, ODTOE.

I. INTRODUCTION AND PROBLEM STATEMENT

In the preceding work [1], a theory of coherent education was constructed on the basis
of the ODTOE formalism [2]. It was established that learning is formalised as growth
of the observation operator dimensionality d and increasing complexity of cognitive
coherence B, while the elementary unit of the educational process is a four-stroke
cognitive cycle with phase proportions determined by the golden ratio:

1++5
9

= 1.61803398874989484820458683436563811772030917980576. (I.1)

However, several questions remained open in [1]. The coherence dynamics
equation (II.2) from [1] describes the evolution of an individual observer but does
not formalise the interaction between knowledge flows in a multi-level educational
system. The coherence metric S (II.4) from [1] is defined for a single level (group),
whereas a real educational system comprises nested levels: individual, group, inter-
group, and institutional.

The present work fills these gaps. In Section II, a nonlinear cognitive flow
balance equation is introduced, generalising the classical balance approach [18] by
incorporating the observer. In Section IIl, a cascade coherence model for nested levels
is developed. In Section IV, the 3/2 power law is justified and threshold conditions
for transitions between learning regimes are derived. In Section V, the information
entropy of the B-profile and its connection to stability are investigated. Section VI
is devoted to refining the temporal proportions of the cognitive cycle. Sections VII
and VIII present the discussion and conclusion.



II. NONLINEAR COGNITIVE FLOW BALANCE
EQUATION

I1.1. Classical model and its limitations

The classical balance equation for substance or energy flows between fixed nodes is

written in the form [18]:
dH
Sarea : % = Qin - Qouta (Hl)
where Sy, is the characteristic area (capacity) of the node, H is the level (state), and

Qin and Qo are the inflow and outflow, respectively.

In the educational context: Sae, is the learner’s perceptual capacity, H is the level
of material mastery, Q;, is the inflow of new knowledge (lectures, textbooks, practice),
and Qo is forgetting and skill degradation. The linear model fails to explain two
empirically observed phenomena: (a) the existence of absorbing states (complete loss
of motivation and cognitive closure); (b) the dependence of the assimilation rate on
the state of the observer itself.

I1.2. Introduction of the coherence multiplier

ODTOE postulates [2]: reality is constituted by the act of observation, R = O(¥).
Applied to the knowledge flow, this means: the effectiveness of assimilation is
determined not only by the volume and quality of the inflow Q;,, but also by the
observer’s coherence B(O, ('), and in the group context — by the systemic coherence S.
We formalise this assertion by introducing the coherence multiplier:

I'(B,S)=4-B-(1—B)-8. (11.2)

The multiplier I" possesses the following properties:

Property 1. I'(0,S) = 0 and I'(1,.S) = 0 for any S. At B = 0, the observer has lost
the ability to perceive the flow (absorbing state of ”zero motivation” [1, Section II.2]).
At B = 1, the observer is convinced of complete knowledge and does not accept new
information (the state of “cognitive closure” [1, Section II.2]).

Property 2. maxpI'(B,S) = S, attained at B = 1/2. Proof: the function
f(B) = 4B(1 — B) is a parabola with vertex at B = 1/2, where f(1/2) =4-1-1 =1.
Consequently, I'(1/2,S5) = 1-S = S. At full synchronisation S = 1, the multiplier
equals unity.

Property 3. I'(B,0) = 0 for any B. In a completely desynchronised system (S = 0),
the effective knowledge flow vanishes regardless of individual coherences.

The nonlinear cognitive flow balance equation:

d
O = (@~ Qo) T(B,5), L3)

where V.4 is the cognitive capacity of the observer (analogous to Sy, in (II.1)), and
H (t) is the level of mastery of the subject area, measured in dimensionality units d [3].

V;:og '
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I1.3. Stationary states and stability

The stationary states dH /dt = 0 of equation (II.3) are realised under three conditions:
Qin = Qout (flow balance at non-zero coherence); B = 0 (absorbing state of ”zero”);
B = 1 (absorbing state of ”unity”). The latter two states are stationary under any
flow imbalance: even when Qi, > Qout, the knowledge flow does not pass through an
incoherent observer.

Linearisation of equation (II.3) in the neighbourhood of the stationary state B* =
1/2 yields:
dH Qin - Qout 2
—~ ———— - (1—-4(0B)%) - S 1.4
where 6B = B — 1/2. The quadratic dependence on the deviation 6B means: the
system is stable in the neighbourhood of B = 1/2, and the learning rate decreases as
one moves away from the optimum according to a quadratic law.

I1.4. Connection to the coherence dynamics equation

Equation (II.3) describes the evolution of the knowledge level H for a given
coherence B. Equation (I1.2) from [1] describes the evolution of coherence itself:
dB B

—-=7-tanh(8-d) - d-B(1-B). (IL.5)

The joint system (I1.3) + (II.5) is self-consistent: the knowledge level H influences
the distance d in (I.5), while the coherence B from (II.5) enters the multiplier T
in (I1.3). The fixed point of the joint system is the self-consistent configuration ¥* =
®(U*) [2]: the learner has reached a knowledge level that generates the conditions for
sustaining their own coherence.

ITII. CASCADE COHERENCE MODEL FOR EDUCATIONAL
SYSTEMS

II1.1. Single-level metric and its insufficiency

The coherence metric (I1.4) from [1]:
2
S=1-—="N"|B, - B,| (11L.1)
n(n —1) ; !

is defined for a single organisational level: a group of n participants with
coherences B;. A real educational system comprises several nested levels: the learner
(Ievel 1), the study group (level 2), the cohort or faculty (level 3), and the educational
institution (level 4). At each level k, a specific coherence S, is defined.



II1.2. Cascade coherence

A cascade metric based on the model of independent misalignments is proposed:

L

Seas = 1 — [ J(1 = S), (I11.2)

k=1
where L is the number of hierarchical levels and S, is the coherence at level k.

Justification: the quantity (1 — S;) characterises the degree of misalignment at
level k. The product of misalignments models the situation in which misalignments
at different levels act independently. The total misalignment (1 — Scss) equals the
probability that all levels are simultaneously misaligned.

Properties of the cascade metric:

1. Scas > max(Sk). The cascade coherence is no lower than the coherence of the
best level.

2. Scas = lifand only if S, = 1 for at least one k.

3. Scas = O if and only if S, = 0 for all &.

III.3. Numerical example

A three-level system with S; = 0.85 (individual), So = 0.78 (group), S3 = 0.92
(institutional):

1 — Seas = (1 — 0.85)(1 — 0.78)(1 — 0.92) = 0.15 - 0.22 - 0.08 = 0.00264. (111.3)
Seas = 1 — 0.00264 = 0.99736. (111.4)

The cascade coherence (0.997) substantially exceeds the coherences of the
individual levels (0.78-0.92). Multi-level organisation of education enhances the
stability of the system as a whole, compensating for the weaknesses of individual
levels.

I11.4. Agreement with the configuration lifetime

The lifetime formula (I1.5) from [1] for cascade coherence takes the form:

T, T
Teas = 0 = 0 (111.5)

(1 — Scas)"er L e
(H(l - 5k)>

k=1

For the numerical example with neg = 5:

o To
(0.00264)5  1.29 - 10-12:89

TC&S

~ 77102 T, (I11.6)



Comparison with the single-level system (S; = 0.78):

oo T _ Ty
8PP (0,225 5.153 - 104

~ 1940 - T (111.7)

The ratio Ttas/Tgroup ~ 4 - 10° — multi-level organisation increases stability by nine
orders of magnitude.

IV. THE 3/2 POWER LAW AND THRESHOLD
CONDITIONS

IV.1. Analogy with the Child-Langmuir law

In vacuum electronics, the space-charge-limited current density obeys the Child-

Langmuir law [15, 16]:
4 [2¢ U2
J:§€0 EW, (IVI)

where U is the accelerating voltage and d is the inter-electrode distance. The 3/2
exponent arises from the relationship between kinetic energy (o< U) and momentum
(x V'U) of charged particles.

Within the ODTOE framework, the coherence B performs a function analogous to
the accelerating voltage: it determines the "energy” available for cognitive flow. The
cognitive flow intensity J.,g (number of knowledge units mastered per unit time) is
related to coherence by the power law:

B3/2
I(C)*

Jcog = kK- (IV.2)

where « is a coefficient depending on the subject area, and /(C) is the context inertia [2,
formula P2.1], playing the role of the distance d in (IV.1).

The 3/2 exponent is justified by a structural analogy: the coherence B is a scalar
measure of “observation energy”, and cognitive flow requires both energy (motivation,
readiness) and momentum (directed action, focus). Doubling the coherence increases
the flow by a factor of 2%/2:

2%/2 = 2.82842712474619009760337744841939615713934375075389. (IV.3)

IV.2. Threshold coherence for the group transition

The collective regime is more efficient than the individual one if the total cognitive
flow of the group exceeds the sum of individual flows:

Teroup > Y _ i (IV.4)
=1
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In the approximation of equal inertias (/; = Igroup = I), condition (IV.4) reduces to:

By >> "B} (IV.5)
i=1

For a group of five participants with B = (0.9; 0.8; 0.7; 0.8; 0.75):
0.93/2 = 0.85381497190539486851585337793782842107990914813387;
0.8%/2 = 0.71554175279993270516081907341499488785757429504801 ;
0.7%/2 = 0.58565856573940225266289698236832951564982695387782;
0.8%/2 = 0.71554175279993270516081907341499488785757429504801;
0.75%/% = 0.64951905283832898507103521501229814455842552961076.

> B = 3.52007609608299151657142372214844585699530822171846. (IV.6)

2/3
The threshold Beg = (Z Bf’/ 2) ~ 2.306. Since B < 1 by definition, and the

threshold value exceeds unity, for this group the collective regime is more efficient
than the individual one at any non-zero Beg. For a group of participants with high
individual coherences (B; > 0.7), the threshold is always surpassed. For a group with
low coherences (B; < 0.3), the threshold condition may not be satisfied.

V. INFORMATION ENTROPY OF THE B-PROFILE

V.1. Definition and extremal values

The B-profile of a learner is defined by a quadruple of weights (w;, we, w3, wy), where
wy + wy + ws +wy = 1[1, formula I1.1]. The information entropy of the B-profile [14]:

4
Hp=-) wnuw (V.1)
i=1

characterises the degree of uniformity in the distribution of cognitive resources among
the components.

Maximum: HJ® = In4, attained at w; = 1/4 for all i:

HE™ =1n4 = 1.38629436111989061883446424291635313615100026872051. (V.2)

A learner with maximum B-profile entropy uniformly distributes resources among
focus, emotional engagement, consistency, and empirical reinforcement. This is the
coordinator profile [1, Section IV.1].

Minimum: H%" = ) when wy, = 1 for one k and w; = 0 for j # k. This is the extreme
form of deficit from [1, Section III.1].



V.2. Connection to stability

A learning system is stable if the B-profile entropy of each participant exceeds a
threshold value:
Hp > chreshold- (VS)

Justification: low entropy means concentration on a single component while
suppressing the others. Under the multiplicative structure B = F“*- E“2-(1—0g)"s-A"4,
suppression of any component zeroes the coherence.

For practical purposes: with a minimum admissible weight wy;, = 0.1, the
configuration (0.1; 0.1; 0.1; 0.7) has entropy:
Hipreshod = —(3-0.1-1In0.1+0.7-1n0.7). (V.4)

Computing with 50-digit precision:
In0.1 = —2.30258509299404568401799145468436420760110148862877;
In0.7 = —0.35667494393873237891263871124118447796401675904691.

Hinreshold = — (3 - 0.1+ (—2.30259) + 0.7 - (—0.35667))
= —(—0.69078 + (—0.24967)) = —(—0.94045)
= 0.94044798865532637044424453427413839685514217792147. (V.5)

ThU.S, chreshold ~ 0.940 for Wmin = 0.1.

V.3. Group entropy and optimal diversity

For a study group of n participants with profiles w\) = (ng), o ,wfj' )), the group

entropy of B-profiles is defined as:
4 n
1 .
H = — 71‘1 0; 0; = — (]) V.6
group ;1 w; nw;, w n jEl w; (V.6)

An optimal group possesses the following properties: (a) each participant has a
dominant component (low individual entropy Hg)); (b) the group’s average profile is
balanced (high group entropy Hgoup =~ In4). This formalises the complementarity
principle from [1, Section IV.1]: the group consists of specialists with different
dominants, and collectively covers the entire spectrum of components.

VI. OPTIMAL PROPORTIONS OF THE COGNITIVE
CYCLE: REFINEMENT

VI.1. Verification of temporal proportions

In [1, Section III.2], it was established that the full duration of the cognitive cycle is:
Teyte = 2(p+1) - 7 =20 - 7 (VL.1)
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The identity ¢ + 1 = ? follows from the defining equation of the golden ratio
2? —x — 1 = 0. Substituting:

¢® = 2.61803398874989484820458683436563811772030917980576. (V1.2)
¢+ 1 =2.61803398874989484820458683436563811772030917980576. (VL.3)

The difference: |¢* — (¢ + 1)| < 107, confirming the identity.

For 7 = 15 min:

Teyele = 2 - 2.61803 - 15 = 78.54102 min ~ 78.5 min. (VL.4)

The deviation from the standard 80-minute “double period” is 1.8%.

VI.2. Structure of the ”stability bell” and phase proportions

The four-stroke cycle structure comprises two expansion phases (o7 each) and two
contraction phases (7 each) [1, Section II.3; 4, 17]. The expansion fraction of the full
cycle:

2 1
Ll Y _¥_-_ 0.61803398874989484820458683436563811772030917980576.
2+ D1 o+1 @2 o

(VL5)

The contraction fraction:

2 1 1
7 = = — = 0.38196601125010515179541316563436188227969082019424.
2+ 11 o+1 2
(VL6)

The sum: 1/p + 1/¢* = (¢ + 1)/¢* = 1. Verification passed.

VII. DISCUSSION AND LIMITATIONS

The proposed nonlinear model extends the theory of coherent education [1] in several
significant respects.

The coherence multiplier I'(B, S) = 4B(1 — B)S formalises an intuitively obvious
but previously unformalised assertion: the effectiveness of knowledge flow depends on
the state of the observer. The parabola B(1 — B) with maximum at B = 1/2 and zeros
at B = 0, B = 1 reproduces the empirically observed nonlinearity of learning. The
normalisation coefficient 4 is chosen from the condition of reduction to the classical
equation at optimal parameters: 4 - (1/2) - (1/2) = 1.

The cascade coherence S introduces a quantitative measure of stability for
multi-level educational systems. The result S.;s > max(S;) shows that multi-level
organisation itself serves as a mechanism for enhancing coherence. This is consistent
with the historical observation: educational institutions (universities, academies) are
more stable than individual and group forms of learning.

9



The 3/2 power law establishes a bridge between the physical theory of vacuum flows
and cognitive dynamics, developing the idea of Kibalnikov and Ginzburg on perveance
as a universal invariant [4, 17]. The threshold condition (IV.5) provides a measurable
criterion for choosing between individual and collective learning.

Limitations: (a) the multiplier I" is derived from structural considerations and
requires experimental verification; (b) the cascade model assumes independence of
misalignments at different levels, which is a simplification; (c) the 3/2 power law is
justified by analogy with the Child-Langmuir law; however, a rigorous derivation from
the first principles of ODTOE remains a task for future research.

VIII. CONCLUSION

The present work extends the theory of coherent education [1] in three directions.

A nonlinear cognitive flow balance equation (I1.3) with the coherence multiplier
I'(B,S) = 4B(1 — B)S is introduced, linking the effectiveness of knowledge
assimilation to the observer’s coherence and the system’s synchronisation. It is shown
that the equation possesses two absorbing states (B = 0 and B = 1) and a productive
zone with a maximum at B = 1/2.

A cascade coherence metric Seas = 1 — [[,.(1 — i) for multi-level educational
systems is developed. @ The numerical example demonstrates: a three-level
organisation (S; = 0.85, S, = 0.78, S3 = 0.92) provides cascade coherence Sc,s = 0.997
and increases the configuration lifetime by nine orders of magnitude compared to a
single-level system.

The 3/2 power law connecting cognitive flow to coherence by analogy with the
Child-Langmuir law is justified, and the threshold condition for the transition from
individual to collective learning (IV.5) is derived.

APPENDIX A. FORMULA SUMMARY

Number Formula Description

(11.2) I'(B,S)=4B(1 — B)S Coherence multiplier

(I1.3) Veog - dH /dt = (Qin — Qout) - T Nonlinear balance
equation

(II1.2) Seas = 1 —[J(1 — Sk) Cascade coherence

(1I1.5) Teas = To/ (JT(1 — Sk))"™ Cascade configuration
lifetime

(IV.2) Jeog = kB2 /1(C)? 3/2 power law

(IV.5)  BY > Y. BY? Threshold condition

(V.1) Hp = —> w;Inw; B-profile information
entropy

(VI.1) Teycle = 2¢°T Cognitive cycle duration
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